Biophysical
Chemistry

Biophysical Chemistry 72 (1998) 201-210

From bistability to oscillations in a model for the isocitrate
dehydrogenase reaction

Gianluca M. Guidi,Albert Goldbeter*

Facultedes Sciences, Universitébre de Bruxelles, Campus Plaine, C.P. 231, B-1050 Brussels, Belgium

Revision received 14 January 1998; accepted 13 February 1998

Abstract

Considered is a bienzymatic system consisting of isocitrate dehydrogenase (IDH, EC 1.1.1.42), which transfors NADP
into NADPH, and of diaphorase (DIA, EC 1.8.1.4), which catalyzes the reverse reaction. Experimental evidence as well as
theoretical model show the possibility of a coexistence between two stable steady states in this reaction system. Tt
phenomenon originates from the regulatory properties of IDH. We extend the analysis of a theoretical model proposed fc
the IDH-DIA bienzymatic system and investigate the occurrence of different modes of bistability, with or without hysteresis,
i.e. in the presence of two or only one limit point bounding the domain of multiple steady states. The analysis indicates that th
two types of bistability may sometimes be observed sequentially as a given control parameter is progressively increased. V
further obtain conditions in which sustained oscillations develop in the model. These results establish the isocitrate dehy
drogenase reaction coupled to diaphorase as a suitable candidate for further experimental and theoretical studies of bistabi
and oscillations in biochemical systeni$.1998 Elsevier Science B.V. All rights reserved
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1. Introduction review of biochemical oscillations), the number of
these examples remains reduced. It is therefore of
The occurrence of sustained oscillations and the interest to investigate possible new biochemical reac-
coexistence between two stable steady states — a phetions capable of giving rise to these self-organization
nomenon known as bistability — represent two of the phenomena.
most common modes of dynamic or functional (rather  The experimental study of the kinetic properties of
than structural) self-organization in regulated bio- isocitrate dehydrogenase (IDH, EC 1.1.1.42) isolated
chemical systems. Although several experimental from beef liver has shown that this enzyme reaction is
examples of bistability [1-4] and oscillations are subjected to a variety of positive and negative feed-
known in biochemistry (see Ref. [5] for a recent back regulations exerted by its substrate NARRd
its product NADPH [6—10]. Building on these results,
Carlier [10] has obtained experimental evidence for
"« Corresponding author. Tel.. +32 2 6505772; fax: +32 2 Distable behavior in the IDH reaction when the latter
6505767; e-mail: agoldbet@ulb.ac.be is coupled to a second reaction, catalyzed by diaphor-
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ase (DIA, EC 1.8.1.4), which transforms NADPH Table 1
back into NADP. A theoretical model for the IDH— _ .

. Experimental values of the constants for the IDH rate function [6—
DIA reaction system has been developed to account 1]
for these experimental observations [11]. Here we

wish to present further results obtained by means of :20 12 gl,l
this model, both with regard to bistability and to the Kll 17”;
possible occurrence of sustained oscillations. Klm 35 uM
After recalling the model and its kinetic equations, K, 0.25 M
we first show the occurrence of different modes of Klu’l 7 pM
bistability, with or without hysteresis. While in the m 35uM

first case, the two stable branches of steady states
are connected in two limit points by a branch of has not been extensively investigated, although it may
unstable steady states (which gives rise to a typical well be of physiological significance.
S- or N-shaped steady-state curve allowing hysteresis, In the last part of this work we show how the model
as illustrated below in the inset of Fig. 6), the second for bistability in the IDH reaction can be extended to
type of bistability is encountered when one branch of account for sustained oscillatory behavior. To this
stable steady states is no longer connected to the otherend, we incorporate into the model the variation of
stable branch. This situation, which occurs when one the second substrate—product pair, hamely isocitrate
limit point vanishes or ceases to be physically acces- and a-ketoglutarate. The results help to clarify the
sible to the system, prevents hysteresis associatedconditions in which oscillations might be observed
with reversible transitions between the two stable experimentally in this reaction system and bring to
steady states and results in the possibility of irrever- light the link between bistability and oscillations.
sible transitions from one stable steady state to the
other. Irreversible transitions have been observed in
a number of biochemical models [11-18]. Apart from 2. Model for the isocitrate dehydrogenase reaction
a few experimental studies [19-21], the phenomenon
The model considered for the transformation of
ISO O-Ketoglutarate + CO, NADP* into NADPH in the IDH reaction is shown
in Fig. 1. The second substrate, isocitrate, can be con-
sidered as being in excess in the experiments [10,11],
and its variation is not taken into account in the first
stage. To demonstrate the occurrence of bistability, a
second enzyme, diaphorase, was used to transform
NADPH into NADP' [10,11]. The role of the second
RN substrate of diaphorase,Qs also disregarded as it
i \+\/ } can be considered as remaining constant in the med-
NADP*(S) -—~ ~=NADPH (P) ium. The rate of the IDH reaction is governed by the
functionf(S, P):

f(s.P)=

IDH

DIA E S k P
Ko o 1+ ; (1
Kn(l+P/K))+S kOKA(1+S7K|)+P
Fig. 1. The isocitrate dehydrogenase (IDH) reaction. The enzyme

transforms tribasic isocitrate (ISO) and NADRto a-ketogluta- where P, S and E, indicate the concentrations of
rate plus CQ@ and NADPH, respectively. Also indicated are the NADPH, NADP" and IDH, respectively, and the con-
inhibition of IDH by NADP" as well as the inhibition and activa- stants are defined in Table 1

tion of this enzyme by NADPH. The system considered for bist- ] ) ’ . .
ability includes the reverse transformation of NADPH into NADP The first term in the product accounts for the kinetic

catalyzed by the enzyme diaphorase (DIA). properties of the enzyme working with a minimum
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turnover numberk,, and includes the competitive
inhibition of IDH by its product NADPH ) with
an inhibition constank,. The term between brackets
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was found to be less than AM. In the following
we have chosei! =0.01 M.
The evolution of the system of two coupled enzyme

describes the change in turnover number due to the reactions is governed by the following system of non-

activation by NADPH with an activation constagy,
which leads to the maximum turnovkya, = ko + Ki.
This term also includes the inhibition by the substrate,
NADP* (9), characterized by the inhibition constant
K|'.

Diaphorase can be regarded as a Michaelian
enzyme, showing a high affinity for its substrate
NADPH. The kinetic expression describing the trans-
formation of NADPH into NADP by diaphorase is
thus given by the functiog(P):

_ ke P
9P)= i ()
wherekg; = 0.8 s and E,, indicates the diaphorase
concentration whilé! denotes the Michaelis—Men-
ten constant of the enzyme [8,10,11]. Experimentally,
the value ofK.\ was not determined precisely, but

NADPH concentration

time

Fig. 2. Schematic representation of the experiment demonstrating
bistability in the isocitrate dehydrogenase—diaphorase bienzymatic
system [10,11]. The reaction is started in a medium containing
NADP" and an excess of isocitrate, in the presence of IDH alone,
which leads to the progressive accumulation of NADPH. The addi-
tion (vertical arrows) of the second enzyme, DIA, leads to the
evolution towards a low or a high NADPH steady state, depending
on the time of addition of diaphorase. When DIA is added at a
critical time t* (large arrow) separating these two evolutions, an
intermediate, unstable steady-state level of NADPH is maintained
during a prolonged amount of time which can be greater than 10
min [11].

linear kinetic equations:

(s P-oP
ds ®)
0 = —-f(S,P)+g(P)

wheref(S, P), given by Eq. (1), represents the trans-
formation of NADP into NADPH catalyzed by IDH,
and g(P), given by Eq. (2), pertains to the reverse
transformation catalyzed by diaphorase. As the en-
zymes operate in a closed system with respect to
NADP* and NADPH, the following conservation
relation holds:

S+P=7 (4)
whereZ is the total, constant concentration of NADP
plus NADPH.

Eq. (4) allows us to reduce the two differential
equations (Eg. (3)) to a single kinetic equation for
P, while the second variabl&is expressed as a func-
tion of P and of the total concentratiaft

S=z-P

aP__ _ B
E—f(Z P,P)-g(P).

©)

The system is at steady state when both enzymes
operate at the same velocity so that the net production
of NADPH and NADP goes to zero:

f(z-P,P)-g(P)=0. (6)

The NADPH concentration at steady state is given by
the solutions to Eqg. (6). Oncg is fixed, Eq. (6)
reduces to a third-order polynomial equation Fn
[11] which admits one or three physically acceptable
steady states, depending on parameter values.

3. Different modes of bistability, with or without
hysteresis

The experiments which demonstrated the occur-
rence of bistability in the IDH-DIA reaction system
are illustrated schematically in Fig. 2. In the presence
of IDH alone, NADP is transformed into NADPH in
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the course of time, with a sigmoidal time evolution 10*

which reflects the activation of the enzyme by its Z=1000 uM
product NADPH. If the second enzyme, diaphorase, , 7 100
is added at different times during this IDH-catalyzed 10 Vel

accumulation of NADPH, the outcome can be either a

decrease of NADPH down to a low level — this occurs ~ 10°
when DIA is added early on (see first two arrows in E
Fig. 2) — or an increase up to a high level of NADPH ;= |
— the latter evolution is observed when the same 10
amount of DIA is added at a later stage (see last two
arrows in Fig. 2). When the addition of DIA is made at 10
a critical time valueg* [11], the current NADPH level

is maintained constant over a long period of time (see

large arrow in Fig. 2).
The analysis of the model for the IDH-DIA reac-

in terms of bistability [11]. The model indeed shows

G.M. Guidi, A. Goldbeter / Biophysical Chemistry 72 (1998) 201-210

10°

Log (E/E )
tion system indicates that the behavior observed in the Fig. 4. Bistability in the IDH-DIA reaction system. The steady-
experiments schematized in Fig. 2 can be interpreted state concentration of the product, NADPHRy), is plotted as a

function of the logarithm of the ratio&/E;) of IDH versus DIA
concentrations. The different curves are obtained for various values

that for appropriate parameter values (see below), the o yne total amount of substrat = NADP* + NADPH, as indi-

bienzymatic system can evolve to either one of tWo cated on each curve. Bistability here is always accompanied by
stable steady states, separated by an unstable one. Thaysteresis. Parameter values are listed in Table 1. The results are
theoretical results of Fig. 3 reproduce the effect of obtained in this and similar subsequent figures by numerically sol-

adding diaphorase at different times in a reaction
medium containing only IDH initially. The inset in
Fig. 3 shows that early addition of DIA leads to a
low steady-state level of NADPH, while the addition
after the critical time leads to the higher steady-state

350

300 F [ Y

250 +~

200 | 1€

150

100

NADPH concentration, P(uM )

50/

0 1 1 1 1 1
0 50 100 150 200 250
time (min)

300

Fig. 3. Numerical simulations of the model reproducing the experi-
mental observations on bistability shown schematically in Fig. 2.
The inset represents an enlargement of the boxed domain, clarify-
ing the system’s behavior at early times. The results are obtained
by numerical integration of (Eq. (3)) for the following parameter
values:Z = 220 uM, E, = 4 nM, E; = 0.031 M.

ving the third-degree polynomial equation yielding the valu@ef
[11].

level of NADPH, as shown in the main part of Fig. 3.
When DIA is added at the critical tim& which sepa-
rates the two types of evolution described above, an
intermediate level of NADPH, corresponding to the
unstable steady state, is maintained for some time, but
eventually the system switches either to the lower
stable state or to the upper stable state, as in the
case illustrated in Fig. 3.

Because it is impossible to add DIA precisely at the
critical time t*, the initial NADPH concentration, at
the time of addition of DIA, will be at a certain dis-
tance from the unstable state. The time spent by the
system in the immediate vicinity of this state after the
addition of DIA will depend both on this distance and
on the occurrence of fluctuations. Experimental obser-
vations indicate, however, that this time may be rela-
tively long as the system may remain for more than 10
min in the vicinity of the unstable state [11]. This
result is recovered in the numerical simulations (see
the inset to Fig. 3).

The model allows for a detailed analysis of the
conditions in which bistability occurs in the IDH-
DIA reaction system. Thus, the phenomenon of bist-
ability is illustrated in Fig. 4 where the steady state
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concentration of NADPH is plotted for different
values of the total substrate concentratia) és a
function of the ratio E/E,) of IDH and DIA concen-
trations. A single steady state is observed for a value
of Z = 0.1uM, but for larger values of in this figure

two stable steady-state values of the product concen-

tration Py, separated by an unstable steady state, are ¥

observed in a range bounded by two critical values of
the ratio E/E;). Each of these curves can be asso-
ciated with a phenomenon of hysteresis: starting on
the lower branch of stable steady states, BE()
increases, the value @, suddenly increases up to
the higher branch of stable steady states when the
limit point (denoted LP2; see inset to Fig. 6 below)
is reached; then, whefg(E;) decreases, the value of
Py progressively decreases until it drops abruptly as
the system returns to the lower branch of stable steady
states when the second limit point (denoted LP1) is
passed.

Whereas bistability is always associated in this
model with hysteresis as a function of the ratigy/(
E,), this is no more the case as a function of parameter
Z. As shown in Fig. 5 where the value Bf is plotted
as a function ofZ for different values of E/E;), a
single value ofP, is obtained for high values of the

10°
10
=
ER
n.Q
0.001
10-5 1 1 1 1 1
0 0.5 1 1.5 2 25 3
Log (2)

Fig. 5. Bistability with or without hysteresis. The steady-state con-
centration of the product, NADPHP(), is plotted as a function of
the logarithm of the total amount of substrai&, for different
values of the ratioH/E;) of IDH versus DIA concentrations, as
indicated on each curve. For high and low values®, ), e.g. for
(E/Ey) = 20 or 0.03, monostability occurs. Bistability with or with-
out hysteresis is observed foE(E;) =1 and 0.2, respectively.
Parameter values are as in Fig. 4.
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Fig. 6. Loci of the limit points LP1 and LP2 bounding the domain
of bistability, as a function of the ratid(/E;) and of parameteZ.

The two limit points are defined schematically in the inset. The
dashed horizontal lines refer to the different values of the r&io (
E,) considered in Fig. 5. The loci have been determined numeri-
cally by means of the program AUTO [22].

ratio of enzyme concentrations. A§{E,) progres-
sively decreases, bistability occurs, in a range
bounded by two limit points corresponding to two
critical values ofZ. When E/E,) further decreases,
the limit point LP2 corresponding to the higher criti-
cal value ofZ vanishes by going to infinity: the system
cannot switch from the lower to the upper branch of
stable steady states as the valu&a$ progressively
increased, but the reverse transition from the upper to
the lower branch is still possible upon decreasihg
This situation is associated with an irreversible transi-
tion between two stable steady states. For lower
values of E/E;), bistability disappears and the sys-
tem can only reach a single steady state for a given
value ofZ.

To get a more precise view of when either hyster-
esis or irreversible transitions occur, it is useful to plot
in the E/E,) versusZ parameter plane the loci of the
limit points LP1 and LP2 which bound the region
where multiple steady states are encountered. The
loci, shown in Fig. 6, are determined numerically by
means of the continuation program AUTO [22]
applied to system (3). The dashed horizontal lines
refer to the four values ofH/E;) considered in Fig.

5. When there is no intersection of the horizontal line
with the locus of LP1 or/and the locus of LP2, the
system admits a single steady state, as fay (



206

0.45

0.4

E|/ql

0.35
Three Solutions

1 1 saal

1 10 100 10° 10*
Total (NADP*+NADPH) concentration, Z (uM )

0.3

Fig. 7. Enlargement of a detail of Fig. 6, showing the existence of a
third limit point, LP3, at large values &, in a narrow range ofty/

E,) values. The dashed horizontal lines refer to the four cases
illustrated in Fig. 8.

E;) = 0.03 or 20. When the ratide(/E,)) is much less
or much larger than unity, the unique steady state
corresponds to a low and a large valuePgf respec-
tively. If the horizontal intersects with the locus of
LP1 only, the situation is that of an irreversible transi-
tion, as illustrated in Fig. 5 for§/E;) = 0.2. Finally,
when the horizontal intersects with both loci, hyster-
esis occurs, as shown in Fig. 5 fa(E,) = 1.

Shown in Fig. 7 is an enlargement of the part of Fig.
6 where E/E;) ranges from 0.3 to 0.45 (however, the
scale of the ordinate is no longer logarithmic). It is
clear that a third limit point, denoted LP3, exists in a
limited range of E/E;) values. The consequence of
the existence of LP3 is illustrated in Fig. 8 where the
four panels relate to the values &{E,) indicated by
the dashed horizontal lines in Fig. 7. The situations
corresponding to the upper and lower horizontal lines
are similar to those encountered in Fig. 5, and illus-

trate the cases of hysteresis (upper left panel) or irre-

versible transition (lower right panel). However, when
the horizontal line intersects with the three loci of
LP1, LP2 and LP3, as forH/E;) = 0.38, a domain

of bistability with hysteresis is followed, a¥
increases, by a domain of bistability without hyster-
esis associated with an irreversible transition from the
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that the system successively presents the two types
of bistability as a single control parameter is continu-
ously varied. The fourth case illustrated in Fig. 8
(lower left panel) corresponds to the intermediate
situation in which LP2 and LP3 coalesce.

The various modes of bistability described above
can occur as long as the second substrate, isocitrate,
remains at a sufficient level. When the concentration
of isocitrate is allowed to decrease progressively due
to its consumption in the IDH reaction, bistability
eventually disappears and is manifested only as a tran-
sient phenomenon, although the model predicts that
the time during which bistability can be observed
could be of the order of hours [11].

4. From bistability to oscillations

To observe sustained oscillations, it is necessary
that the system be open to a constant influx of the
second substrate, isocitratg. (The model considered
for periodic behavior in the IDH-DIA bienzymatic
system is schematized in Fig. 9. We assume that iso-
citrate is injected at a constant ratgand that the
second product of IDHg-ketoglutarate, is removed
at a rate proportional to its concentration. Similar
results are obtained when including an efflux of all
variables, as would occur in an open reactor. The rate
equation for IDH remains unchanged, except for the
added Michaelian term describing the effect of the
second substratd, The dynamics of the system is
now governed by two coupled kinetic equations
describing the time evolution of the isocitrate and
NADPH concentrations:

%=v—f1(Z—P, P,1)
dP i
E:fl(Z—P, P,1)-g(P)
where:
ES |
W8P e p i) 7S <K'“'“' +'>
1+ K P ®)

+ =
koKa(1+S/K/')+P

lower to the upper branch of stable steady states The experimental values of the parameters are listed

(upper right panel). The interest of this situation is

in Table 1.
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Fig. 8. Bistability with or without hysteresis can occur sequentially as a function of a control parameter. The steady state concentration of th
product, NADPH Py), is plotted as a function of the logarithm of the total amount of substrater different values of the ratidg/E;) of

IDH versus DIA concentrations. Bistability with hysteresis is observedEg@E() = 0.43 (top left panel). Forg/E;) = 0.38 (top right panel),

the phenomenon is followed by the occurrence of bistability without hysteresis &S ) further decreases, the limit points LP2 and LP3
progressively come closer to each other until they merge Wiéh,§ = 0.3652 (lower left panel). At lower values, e.&/E;) = 0.33, only
bistability without hysteresis subsists (lower right panel).

The system of Eq. (7) admits a single steady state, v Ein
because of the assumption of a constant input of sub- S0 o-Ketoglutarate(oK) ———
stratel. Nevertheless, we shall see that the occurrence
of oscillations in system (7) can be related to the
occurrence of bistability in system (5) that pertains
to conditions in which the concentration of isocitrate
is kept constant. AR

Linear stability analysis of Eq. (7) yields the -/ Nsl-
conditions in which sustained oscillations of the NADP*(S) -7 “~~NADPH (P)
limit cycle type occur around an unstable steady
state. Two examples of sustained oscillations gener-
ated by the model are shown in Fig. 10 (upper and
middle panels, referring to situations denoted a and
b, respectively). The thick gray curve in the lower
panel yields the steady-state value of NADPP})( Fig. 9. Bienzymatic system considered for sustained oscillations.
e a funcion of the quanity (which, as shown by TS e, Bung B Jepaenses e, ©
Eq. (9), red.uces tCE,' Whenl IS I exces_s) In, the substrate, isocitrate, is injected atacoﬁstant?ate’, while the product
absence of influx of isocitrate, as determined in Sec- . ketoglutarate is removed in an auxiliary reaction catalyzed by
tion 3. some enzyme,.

IDH

DIA
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The solid or dashed black lines in this lower panel
indicate the trajectory followed by the system in Fig.
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10a,b, whenn varies as a result of the periodic
change inl. In the latter conditions, the trajectory
follows more or less closely the two stable branches
of the steady state curve and repetitively performs a
hysteresis loop that translates into limit cycle beha-
vior.
The parameter which triggers this repetitive move-
ment is the isocitrate influx;. On the lower branch of
the steady state curvk(and, hencey) increases as a
result ofv which exceeds the rate of isocitrate con-
sumption in the IDH reaction. When the limit point is
reached, the concentration of NADPH abruptly in-
creases as a result of the activation of IDH. The rate
of this enzyme now exceeds the influxso that the
level of isocitrate begins to decrease and the system
follows the upper branch of the steady state curve
towards the left, until the other limit point is reached.
The system now returns to the lower branch of the S-
shaped curve, and the increase of isocitrate resumes as
the rate of IDH again becomes lower than the sub-
strate inputv.

The difference between Fig. 10a,b lies in the
amount of IDH. Whereas the amount of DIA is
equal to 0.1uM in both cases, IDH= 0.1 uM in
Fig. 10a and 0.5:M in Fig. 10b. Because NADP
and isocitrate are consumed by IDH at a higher rate
in Fig. 10b, the increase in NADPH and the concomi-
tant decrease in are more rapid, so that the jump to

the upper branch of the S-shaped steady-state curve is
no longer vertical as it is in Fig. 10a. Another conse-
guence of the difference in IDH level is that the period
of the oscillations is shorter in Fig. 10b: the phase in
which NADPH decreases is indeed brief, in contrast to
Fig. 10a in which a long plateau in NADPH is ob-

served.

Fig. 10. Sustained oscillations in the IDH-DIA bienzymatic sys-

tem. The curves are obtained by numerical integration of Eq. (7)

for two values of the amount of IDHE, = 0.1 uM (a) and 0.5uM

(b), at a fixed value o, = 0.1uM. Shown is the time evolution of

the concentrations of isocitrate (ISO) and NADPH as a function of
time (top and middle panels), as well as the corresponding evolu-
tion in the NADPH versug plane (bottom panel). As indicated by
Eq. (9),7 is related to the variable amount of isocitrate and to the
fixed concentration of IDHE,. The thick gray curve in the bottom
panel yields the steady-state concentration of the product, NADPH
(Pg), obtained from Eg. (6), as a function pf{which, as shown by
Eq. (9), reduces t& whenl is in excess) in the system without
isocitrate influx (see Sections 2 and 3). Parameter values are

Z=10puM, v=72 nM/s.
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5. Discussion ase (Fig. 10). Together with other parameters such as
the total substrate concentration and the rate of isoci-
The analysis of a model for the regulated iso- trate injection, the ratio of the amounts of the two
citrate dehydrogenase reaction coupled to a reverseenzymes governs the period of the oscillations.
reaction catalyzed by diaphorase indicates that this The question arises as to whether bistability and
bienzymatic system is a good candidate for further oscillations can both be observed in the IDH-DIA
theoretical and experimental studies of bistability system as a function of a single control parameter.
and oscillations in a biochemical context. The present The answer reached in the present study is negative.
results and a previous study [11] show, indeed, that Indeed, when isocitrate is kept constant and the sys-
various modes of bistable behavior can be observed intem is governed by Eq. (5), only bistability can occur.
a model for this enzymatic reaction system. The Conversely, when isocitrate is injected at a constant
occurrence of bistability in the model accounts for rate and the system is governed by Eq. (7), only oscil-
experimental observations [10,11] which demonstrate lations can be observed as the system then possesses a
the coexistence between two stable steady states inunique steady state. The possibility nevertheless
this biochemical system. remains that sustained oscillations and bistability
Bistability in the model for the IDH-DIA reaction  might both occur in conditions of a fully open system
system is generally accompanied by hysteresis. How- in which an influx and an efflux of each biochemical
ever, the coexistence phenomenon can also occur inspecies takes place.
this system in the absence of hysteresis when one of The analysis of a model for the IDH-DIA coupled
the two limit points associated with the domain of reactions accounts for the occurrence of bistability
bistability goes to infinity. An interesting feature of observed in this bienzymatic system [11]. The present
the present model is that it predicts the possibility of results complement our previous theoretical analysis
observing sequentially, as a function of the same con- of bistability and further indicate that isocitrate de-
trol parameter, bistability with and without hysteresis hydrogenase, coupled to a second enzyme such as
(see Figs. 7 and 8). diaphorase, may also provide a new example of oscil-
Irreversible transitions between multiple steady latory enzyme reaction.
states have been studied theoretically in a variety of
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